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Abstract 

We characterize the corings whose category of comodules has a generating set 
of small projective comodules in terms of the (non commutative) descent theory. In 
order to extricate the structure of these corings, we give a generalization of the notions 
of comatrix coring and Galois comodule which avoid finiteness conditions. A sufficient 
condition for a coring to be isomorphic to an infinite comatrix coring is found. We 
deduce in particular that any coalgebra over a field and the coring associated to 
a group- graded ring are isomorphic to adequate infinite comatrix corings. We also 
characterize when the free module canonically associated to a (not necessarily finite) 
set of group like elements is Galois. 

Introduction 

Among the different aspects in the recent developments of the theory of corings, one of the 
most intensively studied is the notion of a Galois coring, and its relationships with (non- 
commutative) descent theory for ring extensions and Morita-type equivalence theorems. A 
coring € over a ring A is said to be Galois [2j whenever the canonical map can : A®b A — ► € 
which sends a ® # a' onto aga! is an isomorphism, where g G £ is a grouplike element and 
B = {a e A\ag = ga}. One of the origins of this notion is the concept of a noncommuta- 
tive Hopf-Galois extension [TBI I2H El EE] , which can be ultimately traced back to the theory 
of principal homogeneous spaces for actions of affine groups over afflne schemes (see, e.g. 
|25| 18.3]), and the characterization of strongly graded rings [Zj. One of the fundamental 
facts is that a faithfully flat Hopf-Galois extension B C A, for H a Hopf algebra, encodes 
a canonical equivalence of categories between a category of Hopf modules and the category 
of right modules over B (see |21j). This has been a model for research in more general 
frameworks (see [6 for a helpful survey), including coalgebra-Galois extensions for entwin- 
ing structures |4, and Galois corings with a grouplike '2\. In [9 j it is shown that, in order 
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to formulate a meaningful notion of Galois coring, the grouplike can be replaced by a right 
comodule (a Galois comodule in the terminology of 0E]), finitely generated and projective 
as a module over the ground ring A, whenever the role of Sweedler's canonical coring is 
played by the associated comatrix coring. This new viewpoint led us to imagine that there 
were a relation between the notion of Galois coring and the fact that a coalgebra over a 
field can be reconstructed from its finite dimensional comodules [TH]- This paper contains 
the mathematical results of our investigations on this idea. A generalization of the notion 
of comatrix coring (and of Galois comodule) will be introduced with this purpose. The 
role of Galois comodules in Non Commutative Geometry, as non commutative principal 
bundles, is revealed in 

We will define our generalized comatrix corings in three ways, being the interplay 
between these constructions fundamental in our exposition. One of them is inspired in the 
coalgebra defined in [To^ Section 4]. We wish to thank to Antonio M. Cegarra for helping 
us to understand this construction. 

1 A specialized introduction: Galois corings with sev- 
eral grouplike elements 

In this section, we will give our statements without proofs. They are consequences of the 
results proved in the rest of the paper. The basic notations and notions will explained 
later, as well. 

Let G be a set of grouplike elements in a coring € over a f^-algebra A (K is a commu- 
tative ring). For each g G G, we will denote by [g]A the right CC-comodule structure on A 
with coaction A — > A®a£ sending a G A onto l®A9 a - The notation A[g\ stands for the left 
C-comodule structure on A associated to g. For g,h G G, the i^-module Hom^QgjA, [h]A) 
is identified, via the map / i— > /(l), with A gh = {b G A \ hb = bg}. Clearly, A gg is a 
(unital) subring of A, and A g> h becomes an A^h — A 9ig -bimodule. Consider the ring (not 
necessarily with unit) S = M GxG consisting of all G x G-matrices with coefficients in A 
and with finitely many non-zero entries. The unit 1 G A at the position (g,g) and zero 
elsewhere gives an idempotent matrix G S, and the set of all l s ,c,'s gives a complete set 
of pairwise ortogonal idempotents for S. The external direct sum R = g heG A g ^ may 
be then considered as a subring of S that contains the idempotents 

On the other hand, for every g G G we can consider the Sweedler's canonical A-coring 
A <S>a 9 , 9 A j2Hj. Let 3 be the K-submodule of the coproduct © 9gG A <SU s , g A generated by 
all elements of the form a ®A h h ta' — at <SU s , g a', where g,h G G, a, a' G A, and t G A 9t h- 
It turns out that ^ is a coideal of the coproduct A-coring ® seG A CSu 9 . 9 A, and we have a 
new A-coring 

w G) = e ggG ^ ®a 9 , 9 a = e g£ G a ® Ag , g a 

5 ( a ®A h , h ta' - at ® Ag g a'; a, a' G A, t G A 9jh , g,he G) 

Moreover, the map can : 9^(G) — > <£ which sends a ®a 9 g o! + Z onto aga 1 is a homomor- 
phism of A-corings. Obviously, this canonical map is a generalization of the given in [2 for 
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a single group-like (i.e., G = {<?}). The comodule E = @ geG [g]A is not finitely generated 
unless G is finite. Nevertheless, following [2] for the case G = {g}, it makes sense to say 
that E is a Galois coring (with respect to E) whenever can is an isomorphism. Of course, 
there are examples of situations where can is bijective but E is not finitely generated. The 
key is the following result. 

Theorem 1.1. IfQ) a&G [g\A is a generator for .M c then can : 91(G) — > € is an isomorphism 
of A-corings. 

A relevant example of Galois coring in this new general framework is the following. 

Example 1.2. Let A be a G-graded ring, where G is any group. Endow the free left A— 
module AG with basis G with the right A-module structure given by ga = agh, for a G A 
homogeneous of degree h G G. Then AG becomes an /1-bimodule. Consider the A-coring 
structure on AG given by the comultiplication defined by A(ag) = ag ®a g and counit by 
e(ag) = a, for every a G A, g G G. The category of right AG-comodules is then isomorphic 
with the category gr — A of all G-graded right A-modules. This can be proved either by 
direct computations or by using that AG is the coring built, according to [21 Proposition 
2.2] and Example 3.1], from the entwining structure given on AG = A ®k KG by the 
KG-comodvle algebra map a \— > J2 geG a> g <£> g, and the fact that, in this case, the category 
of Hopf modules Ai^ G is isomorphic gr — A ^7|. Clearly, G is a set of group like elements, 
and {[<?]^4 : g G G} is nothing but the set of all shifts of the graded module A. It is known 
that it is a generating set of small projectives for gr — A. By Theorem ll.l[ the canonical 
map is an isomorphism. More generally, for each subgroup H of G such that ©^^[^1^4 is 
a (projective) generator for gr — A, the canonical map can : %X(H) — > AG is an isomorphism 
of A-corings. 

Theorem 1.3. The following statements are equivalent for an A-coring €, with a set of 
group-like elements G. 

(i) a£ is flat, can : 9K(G) — » £ is an isomorphism, and S is faithfully flat as a left 
R-module; 

(ii) is flat, can : 9\(G) — > £ is an isomorphism and the category Ai^ ^ of right 
D\(G) -comodules is equivalent, in a canonical way, to the category A4r of all unital 
right R-modules; 

(Hi) a£ is flat and ® ge Gld]A projective generator for Ai^; 

(iv) a& is flat and the category M! 1 is equivalent, in a canonical way, to the category M. R 
of all unital right R-modules. 

We will in fact prove a more general result (Theorem 14 .7j) . characterizing those corings 
whose category of comodules has a generating set of small projectives. With this purpose, 
we extend the techniques developed in [0] (in particular the notion of a comatrix coring) 
to a larger framework. We thus will obtain an alternative description of the coring 9\(G) 
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as follows: write E* = Q) geG A[g], E = @ ggG [g]A Let us understand £ (resp. £t) as the 
free right (resp. left) A-module with basis {[g] : g G G}. Consider the A-coring E"f ®r E 
with comultiplication given by 

A(J2 a Ag] ®r Y^ a 'h) = J2 a 9^\ ®r W ®a l[g] ®r [g]a' g , 

g&G heG g&G 

and counit 

e E ® R S^K) = Yl a 9 a 9 

c/GG heG geG 

Then there exists a canonical isomorphism of A-corings 91(G) = E^ <8>rE, and this last is a 
sort of generalized comatrix coring. In fact, this setting allows to extend the methods from 
|Hj to a more general context. As a consequence, we will have that the corings characterized 
in Theorem II .HI are those for which #£ is faithfully flat. 

Example 1.4. Continuing with Example 11.21 we get that the category gr — A is always 
equivalent to the category of unital right modules over the ring R. More generally, given 
a subgroup H of G, Theorem II .HI gives several conditions which characterize when gr — A 
is equivalent, in a canonical way, to the category of unital right -R-modules where R is 
the ring of H x iJ-matrices with finitely many nonzero entries whose coefficients in its 
(g, /i)-entry are the homogeneous elements of A of degree gh~ l , where g,h G H. 

2 Basic notions 

We use the following conventions. We work over a fixed commutative ring K, and all our 
additive categories are assumed to be i^-linear. For instance, all rings in this paper are (not 
necessarily unitary) i^-algebras, and all bimodules are assumed to centralize the elements 
of K. Associated to every object C of an additive category C we have its endomorphism 
ring Endc(C), whose multiplication is given by the composition of the category. As usual, 
some special conventions will be understood for the case of endomorphism rings of modules. 
Thus, if Mr is a (unital) right module over a ring R, then its endomorphism ring in the 
category M. R of all unital right i?-modules will be denoted by End(M^), while if is 
a left i?-module, then its endomorphism ring, denoted by End(^iV), is, by definition, the 
opposite of the endomorphism ring of N in the category R Ai of all unital left modules over 
R. We will make use of rings R which need not to have a unit, although they will always 
contain a set of pairwise ortogonal idempotents {e^} which is complete in the sense that 
R = ^ i Rei = CiR. To be unital for a right i?-module M means that M = MR. The 
tensor product over R is denoted by We shall sometimes replace ®k by <8>. 

The notation A is reserved for a fT-algebra with unit. We recall from that an 
A-coring is a trhee-tuple (£, A, e) consisting of an A-bimodule (£ and two A-bimodule 
maps 

A:£ — e:£ — > A 
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such that (€ ®a A) o A = (A <g> A C) o A and (e ® A £) o A = (£ <g> A e) o A = l e . A n^/tt 
(t-comodule is a pair (M, pm) consisting of a right A-module M and an A-linear map 
p M ■ M -» M ® A C satisfying (M ® A A) o p M = (p M ® A <£) o p M , (M <g> A e) o p M = 1 M . A 
morphism of right CC-comodules (M, pm) and (N,pn) is a right A-linear map f : M N 
such that (/ £gu £) ° Pai = Pn ° f] the A^-module of all such morphisms will be denoted 
by Hom£(M, N). The right C-comodules together with their morphisms form the additive 
category A4 € . Coproducts and cokernels in Ai € do exist and can be already computed in 
M.A- Therefore, Ai^ has arbitrary inductive limits. If A £ is flat, then Ai € is an abelian 
category. The converse is not true, as [101 Example 1.1] shows. 

Let pm '■ M — > M ®a C be a comodule structure over an A' — A-bimodule M, and 
assume that pu is A'-linear (A' denotes a second unitary A^-algebra). For any right A'— 
module X, the right A-linear map X ®a> Pm '■ X ®a' M — > X <S>a' M ®a £ makes X ®a' M 
a right C-comodule. This leads to an additive functor — ®a> M : M.A' — * The 
classical adjointness isomorphism Hom^F <S>a> M,X) = Horn a>(Y, Horn a(M,X)) induces, 
by restriction, a natural isomorphism Hom<r(V <S>a' M,X) = Hom^(F, Hom<r(M, A)), for 
Y e M A ',X e M c . Therefore, Hom c (M, -) : M € -> M A > is right adjoint to - ® A < M : 
M.A' A4 £ . On the other hand, the functor — <S>a £ is right adjoint to the forgetful 
functor U : M A —> M € (see [HI Proposition 3.1], Lemma 3.1]). 

Now assume that the A' — A-bimodule M is also a left comodule over an A'-coring (£.' 
with structure map Am : M — > C <EU M. It is clear that pu '■ M — > M ®a £ is a morphism 
of left C-comodules if and only if Am : M — > (£' ®a> M is a morphism of right £-comodules. 
In this case, we say that M is a €' — £-bicomodule. 

A grouplike is an element g G € such that A(g) = g ®a 9 an d e (fiO — 1- Every 
grouplike defines a right CC-comodule structure p : A ^ A <$a £ = £ given by p(a) = #a. 
A left comodule structure is similarly obtained. This process can be reversed: each right 
C-comodule structure p : A — > (£ gives a grouplike g = p(l) (see Lemma 5.1]). 

A friendly source of information on corings and their comodules is the monograph [Sj. 

3 Reconstruction and infinite comatrix corings 

A ring extension BOA for rings with unit can be understood as a faithful functor between 
two additive categories with one object. With this idea in mind, and with an eye on [To^ 
Section 4] the construction of the canonical A-coring A®p A from [23] is generalized in 
this section. 

Let K denote a commutative ring. All categories and functors will be assumed to 
be K-linear. Let add(A A ) denote the category of all finitely generated projective right 
modules over an associative A'-algebra with unit A. Let u : A — > add(A^) be a functor, 
where A is a small category. The image of an object P of A under u will be denoted by 
W P, or even by P itself, when no confusion may be expected. For each P £ A, there is a 
canonical homomorphism of A^-algebras from Tp = End^(P) to Sp = End^P^), which 
sends t onto u(t). The module W P becomes then an Tp — A-bimodule. If P, Q are objects 
of A, then the elements of the Tq — Tp-bimodule Tpq = Hom A (P, Q) act canonically on 
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W P . This action can be thought as the Tq — A-bimodule map 

T PQ ® Tp U P W Q 

t ® Tp P i *■ tp :—uj(t) (p) 

The right dual A-modules ^P* = Hom y i(' l 'P, A) are then in a natural way A — Tp- 
bimodules; the corresponding dual pairings are given by 

"Q* ®t q T PQ ^ -p* 

<p <g> Tq 1 1 pt := p>o u(t) 

From now on, we will denote W P by P. We can associate to every object P of A its comatrix 
A-coring P* ® Tp P, defined as follows j^j. Let {e* p ,e ap } be a finite dual basis for the 
module Pa, and define the comultiplication as A(<p ®t p p) = J2 ap V 9 ®t p e ap e* p ®t p V- 
The counit is given by e((p<S>T P p) — <fi{p)- We can then consider the coproduct of A-corings 

V(A) = P* ®T P P 

P&A 

Every P e A is canonically a right P* ®t p P-comodule [Oj and, hence, a *P(./l)-comodule, 
with structure map pp : P — > P ®a ^P(-4.) defined as pp(p) = X] ap P e a P ®t p e ap . The 
assignment P i— > (P, pp) is not, at least in the obvious way, a functor from „4 to A4^ A \ 
In order to remedy this, we will factor out ^P(^4) by a coideal. 

Lemma 3.1. Let t 6 Tpq. Then 

e *Q ®a e^t = ^ te ap ® A e* p . 

oq a p 

Proof. Follows easily from the dual basis criterion. □ 
Lemma 3.2. The K-submodule 3 of^(A) generated by the set 

{(p ® Tq tp-ipt® Tp p : p> e Q*,p e P,t e T PQ , P,Q e A} 

is a coideal ofty(A). 

Proof. It is easily shown that, in fact, Z is an A-subbimodule of ^P(-A). Let us now prove 
that e(3) = 0. In fact, 

e(<p ® Tq tp - pt ® Tp p) = p(tp) - (pt(p) 

= <pt(p) - <pt(p) = o. 

Now, by using Lemma f3. 11 we have 



6 



A(ip ® Tq tp - (pt ® Tp p) 

= ^2^®t q e aQ ® a e* aQ ® Tq tp-^ipt ® Tp e ap ® a e^ p ® Tp P 



= ^ ^ ® Tq e QQ ®a e* Q ® Tq *P - ^ V? ®t q e aQ ® A e* Q t ® Tp p 
+ ®T Q te ap <g>A e* p (8>Tp p- y^^t ® Tp e Qp ®a e* p ® Tp p 

OLp OLp 

= ^2v®t q e aQ ® A (e* Q ®t q ^ - e* Q t ® Tp p) 

+ y^(^ ®r Q te ap - ®t p e Qp ) (g> A e* p <g> Tp p (1) 



a p 



This proves that A (3) C Ker{ix ®a tt) , where 7T : ^P(^4) — > *$(A)/3 is the canonical 
projection. Therefore, 3 is a coideal. □ 

Proposition 3.3. Let ty(A) = Pg a P* ®t p P and define the factor A-coring *R(A) = 
yp(A)/3. There is a functor 9K(ua) : A — > Ai^^ making the diagram 

A add(A A ) (2) 

M*^) ^ ^M A 

commutative. This functor assigns to every P G A the right 91(A) -comodule induced by its 
canonical P* £g>T P P-coaction and the canonical homomorphism of A-corings it : ty(A) — > 

Proof. So, the right 9 ! l(^l)-comodule structure for P is given by 

P - P ®A P* ®T P P — P ® A X(A) 



V i E QP e ap ® A (e* p ® Tp p + 3) 

Given A G Hohia(-P, Q), a straightforward computation shows, with the help of Lemma 
EH1 that oj(X) is <K(.A)-colinear. □ 

We shall now give an alternative description of the A-coring 9K(A). Assume that A is 
a subcategory of an additive category C, and that there exists the coproduct £ = Q) PeA P 
in the category C. Assume further that the functor uj : A — > add(A<i) is the restriction 
of a functor U : C —> M.a which commutes with the coproduct ©p e ^-P- This is not 
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actually a restriction: such a category C can be constructed by introducing formally a new 
object E, and enlarging the set of morphisms by defining the new hom-sets Honic(P, Q) = 
Hom.4(P,Q), Hom c (P,E) = ® XeA Hom c (P, X), Hom c (E,Q) = n^Hom c (X,Q) and, 
finally, Homc(E,E) = rixe.4 Honic(X, E), for P,Q £ A. The definition of the functor 
U : C — > M.a is then clear. 

Consider the endomorphism ring T = Endc(E). We have then a canonical structure 
of a T — A-bimodule on U(E), which induces an A — T-bimodule structure on [/(E)* = 
Hom^(E, A). We think there will be no problems by using the notation E instead of 77(E). 
For each object P in A, let 7Cp : E — > P (resp. bp : P — > E) be the canonical projection 
(resp. injection). 

Proposition 3.4. There is a surjective homomorphism of A-bimodules 

T : P* ® Tp P -> E* ® T E 
Pe.4 

whose restriction Tp to each P* ®p p P is given by Tp((p®T P p) = ^p®t^p{p)- The kernel 
o/r is the coidealZ and, hence, E* ®tE can be endowed with a structure of A- coring such 
that r is an homomorphism of A-corings. This homomorphism V induces an isomorphism 
of corings %K(A) = E* ® T E. 

Proof. Let us first check that each Tp is well defined. For (p £ P*, p £ P and £ £ Tp we 
have 

r P (v9t <g> Tp p) = (v?t)vrp <g> T L P (p) 

= ipilpLptTtp ®t V 

= ipilp ®> T LptlTpLp(p) 

= (filTp (g) T Lpt(p) = Tp(<fi ® Tp tp) 

To prove that T is surjective, observe that if (f ®tP £ E* £g>p E then there is a finite set T 
of objects of A such that p = (J^pe:F £p7Tp)(p). Therefore 

y?®TP = ^P®tY j P & T ( P®T LpTip(p) 

= Y J PzF < P i P' K P ®T L P Hp(p) = T(J2 Pe ^^P ®T P TT P (p)) 

Next, let us check that 3 C i^err. Given a generator <p ® Tq tp — cpi <8>t p P of 3, where 
<f £ Q*,p £ P, £ £ PpQ, and P, Q £ *4, apply T to obtain 

T((f (g) TQ tp - ft (g)T P p) = (fITQ ® T LQ{tp) - ftlTp (g) T L P (p) 

= ifK Q L Q (tp) - (piTQLQtirp <g> T ip{p) 

= tfTTQ ® T LQ (tp) - fTTQ <g) T L Q t7[ P Lp(p) 

= ifTlq (g) T L Q (tp) - iflTQ (g) T L Q {tp) = 

Let us finally check that KerT C 3- An arbitrary element of ©p e _4 P* ®t p P is a finite 
sum x = Yla=i ^2p&A^ a < p ® t p Po.,p> f° r some fa,p £ P* and p a) p £ P with almost all 
p a ,p = 0. Such an element becomes to KerT if and only if p ip a ,p^p ®t tp{p a ,p) = 0. 
Since the elements of the form tp(p) generate E, there exist [221 Proposition 1.8.8] a finite 
set {vk}kei Q ^* an d a se t {<?a,P,ft} ^ ^ sucn that 
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1- 9a,P,k — for almost all (a, P, k), 

2 - E a ,p 9a,pMp(Pa,p) = for each k G I, 

3. (p a ,piTp = Efc Vkg a ,p for each n — 1, . . . , n and each P & A. 
It follows from the third condition that, for every a and P, 

¥a,P = Va^pLp = V k9a,P^P (4) 

k 

Since each P is finitely generated as a right A-module, it follows that g a ,p,k : -P ^ £ 
factorizes throughout a finite direct sum ®q<=fQ- We can assume that the finite set T is 
independent of a and P (recall that only finitely many g a ,p,k s are nonzero). Therefore, 

9a,P,ktP = { /] t Q 7r Q)9a,P,kl<P = ^ t Q 7l Q9a,PMP (^) 

QeP QeP 

In view of (HJ), we have 

<-Pa,P = 2J U k,QtQ,a,P,k, (6) 

where v k)Q = v k i Q e Q* and *Q, a ,p,k = ^Q9a,p,k^p e T PQ . On the other hand, 2 implies that 
for each Q, 

2J tQ,a,i,kPa,P = S ^2'^Q9a,PMa,p{Pa,p) = ^ 9a,P,k^a,p{Pa,p)) = (7) 

a,P a,P a,P 

Finally, 

E n ,P^,P ®TpP«,P = Ea,p(Efc,Q Z/ fc,Q*Q,a,P,fc) ®T P Pa,P _^ 

= Ea,P,fc Q v k,QtQ,a,P,k ®T P Pa,P ~ Efc,Q ®7q (Ea,P tQ,a,P,kPa,p) 

= Ea,fe (EpQ v P,Q v k,QtQ,a,P,k ®T P Pa,P ~ Ep,Q ®Pq tQ,a,P,kPa,Pj , 

where the first equality follows from ©, and the second from (JJJ). □ 

Definition 3.5. The A-coring S*®t^ will be called the infinite comatrix coring associated 
to the category A and the functor uj : A — » add(A^). Its comultiplication A is given 
explicitly as follows: once a (finite) dual basis {e* p , e Qp } is chosen for each P E A (recall 
that Pa is finitely generated and projective), we have, from (J3J) 

A(v? ® T p) = y^P^P <g) T i P (e ap ) ® A e* p vr P <g> T i P 7r P (p), (8) 

PeP «p 

for tp®rP £ £*®t£, where is any finite set of objects of .A such that p = EpeP L P n pip)- 
The counit e of X* ®t S is simply the evaluation map ip ®t P ^ f{p)- 
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Remark 3.6. If bPa is a B — A-bimodule, with Pa G add(A^), then the comatrix coring 
P*®bP of [3 Proposition 2.1] is just the infinite comatrix coring associated to the canonical 
functor from the additive category B to add(A^) which sends the unique object of B onto 
P. 

Now assume that A is a (small) subcategory of the category of right comodules }A € over 
an A-coring £, and that the functor uj : A — > add(A^) is the restriction of the underlying 
functor U : M € —>■ Ma (that is, we are taking C = M £ ). Let E = ©p e _4-P and T = 
End(r([/). A straightforward argument shows that the functor Honi£(E, — ) : M € — > Mr is 
right adjoint to — ® T E : A^t — > (the right comodule structure of A® T E is inherited 
from E for each right T-module N). The counit of this adjunction evaluated at £ gives a 
homomorphism of A-bimodules 

Hom £ (S,£)® r S (/® T iti -/(«)), (9) 

which, in conjunction with the canonical isomorphism E* = Hom£(E, <£) (see, e.g. 
18.10]) gives a homomorphism of A-bimodules 

can : E* ® T E = Hom c (E, £) ® T E ^ £ (10) 

Lemma 3.7. T7ie map can : E*®tE — > defined explicitly by can((p<S>Tu) = (<^<Su£)pe(w) 
is a homomorphism of A- coring s. 

Proof. By Proposition l3.41 there is a surjective homomorphism of A-corings T : © Pg ^ P*®t p 
P — > E* ®t S. Clearly, it suffices to prove that can o T is a homomorphism of A-corings, 
and, ultimately, that its restriction canp to P* ®t p P is a homomorphism of A-corings for 
every P. This canonical map canp : P* £g> Pp P — > £ coincides with the homomorphism of 
A-corings given in ;9, Proposition 3]. □ 

We can now apply Gabriel-Popescu's Theorem and state our Reconstruction Theorem 
for corings in the following terms. 

Theorem 3.8. (Reconstruction) Let (£ be an A-coring and assume that the category M € is 
abelian, and that there is a generating set A of right t-comodules such that Pa is finitely 
generated and projective for every P G A. If E = ®PeA^ an< ^ T = Endc(S) ; then 
can : E* ®t E — > £ is an isomorphism of A-corings. 

Proof. If M € is abelian, then it is a Grothendieck category [TU1 Proposition 1.2]. Clearly, E 
is then a generator for the category M € . By Gabriel-Popescu's Theorem |2Hj, the canonical 
map (jHJ) is an isomorphism. We thus get that can is an isomorphism of A-corings. □ 

Remark 3.9. The terminology Galois comodule has been introduced in [2113] to refer to a 
right (JAcomodule P such that Pa is finitely generated and projective and can : P*®tP — ► £ 
is an isomorphism. These comodules played a role in the characterization of corings having 
a finitely generated projective generator (HI Theorem 3.2] (see also the "Galois comodule 
structure theorem" [3]), and in the structure theorem for cosemisimple corings [9 , Theorem 
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4.4]. Theorem 13.81 suggests that it makes sense to consider Galois comodules without 
finiteness conditions (the important point here, we think, is that E* ®t E is endowed 
with a coring structure before to assume that can is an isomorphism). Another possibility 
would be to say that A is a Galois subcategory of A4 C whenever the coring homomorphism 
can : E* ®r E — > <£ is an isomorphism. Of course, E denotes © Pe ^-P- 

Corollary 3.10. Let £ be a coring over a semi-simple artinian ring A. Let A be a gener- 
ating set of finitely generated right £-comodules. IfE — Q)p e ^P and T = Ende;(E), then 
can : E* ®t E — > £ is an isomorphism of A-corings. 

Proof. Since in this case a£ is obviously flat, we get that A4 € is abelian. Moreover, every 
finitely generated comodule is finitely generated as a right A-module. Therefore, our coring 
is in the hypotheses of Theorem 13.81 □ 

Example 3.11. Every coalgebra C over a field K is isomorphic to E* ®t E, where E 
denotes the coproduct of a generating set of finite-dimensional right C-comodules, and 
T = Endc(E) (here, (— )* denotes the i^-dual functor). In particular, if B is an algebra 
over K and E is the coproduct of a set of representatives of all finite-dimensional right 
-B-modules, then the finite dual coalgebra B°, consisting of those ip G B* such that Kenp 
contains an ideal / such that Bj I is of finite dimension over k, is isomorphic to the coalgebra 
E* (g) T E, where T = End B (E). 

4 Corings with a generating set of small projectives 

Let us return to our functor uo : A ^ add(^A). Assume that A embeds in an additive 
category C, and that there exists the coproduct E = ® Pe ^ P in the category C. Assume 
further that the functor uo : A — ► add(A^) is the restriction of a functor U : C — ► A4a 
which commutes with the coproduct ^ Pe ^P- Recall from Section El that such a category 
and functor can be always constructed. 

Let R be the twosided ideal of T = Endc(E) given by R = ®pQ e ^ p Q^ wnere Tpq — 
Hom_4(P, Q). We will consider R as a ring with a complete set of pairwise ortogonal 
idempotents {lp : P G A}, thought that R has not in general an unit (lp is the element 
of R which is the identity of Tp = End^(P) at P and zero elsewhere). Then E is an 
R — A-bimodule in a canonical way, and E^ = ©pe^P* becomes an A — i?-bimodule. We 
thus get an A-bimodule E* ®p E. 

Lemma 4.1. There is a commutative diagram of surjective homomorphisms of A-bimodules 



® PeA P* ®T P P 



Et ®pE 



(11) 




E* <g> T E 
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Proof. For each P E A, let bp* : P* — > £t and tp : P — > S denote the canonical inclu- 
sions. By 7Tp* : £T — > P* and 7Tp : £ — > P we denote the canonical projections. Some 
straightforward computations show that the map 

7p : P* <g> Tp P -> S f ®p £ <g> Tp p h-> i P .(<p) ®p tp(p)) 

is a well defined homomorphism of A-bimodules. The family {7p : P G A} determines the 
homomorphism of A-bimodules F± in a unique way. In order to show that Ti is surjective, 
observe that every element of £t ®p £ is a sum of elements of the form ip*(<p) <S>p £q(<7), 
for some ip G P*,q G Q. But if Q ^ P, then Lp*(ip) ®p ig(a) = tp*(<^)ipvrp ®p Iq(o) = 0, 
which proves that 1^ is onto. 
Now, let us consider the map 

r 2 : £+ ®p £ -> £* ® T £ (tp*(^) ®p tg(g) ^ ^7T P ® T fcg(g), 93 G P*, q G Q) 

To check that T 2 is well defined, let t G Tmjv = Houu(M, N), and compute 

(pnpL N tlX M ® T L Q (p) = ip7l P L N tlTp <g> T LQlXQL Q (q) 

= VXpL N tir M L Q 7[Q <g) T L Q (q) 

ptTCp <g> T t P (g) if P = Q = M = N 
otherwise 

(p-Kp <& T i N tix M i Q (p) = ipn P ipiTp <g> r i N tn M L Q (q) 

= tpiTp <g> T Lp-npL N tTX M L Q (q) 

(pirp ® T Lpt(q) if P = Q = M = N 
otherwise 

Finally, in the case P = Q = M = N, we have 

<^t7Tp ®p tp(<z) = (f'KpLpt'Kp ®t i p{q) = V^P ®T LptllpLp(q) = fTTp ®p Lpt(q) (12) 

The diagram (fTTjl is clearly commutative. By Proposition E3J T is surjective and, thus, T 2 
is so. □ 

Recall from Lemma IH.2I that the if-submodule 3 of ©p e ^ P* ®t p P generated by the 
set {if ® Tg tp — (ft ®t p p '■ f E Q*,p E P,t E T P Q, P,Qe A} is a coideal. The factor 
A-coring is denoted by fR(A). 

Proposition 4.2. The kernel of Fx is the coideal 3 and, hence, £^ ®p £ can be endowed 
with a structure of A-coring such that F\ is an homomorphism of A-corings. In this 
way, the commutative diagram fllljl induces a commutative diagram of isomorphisms of 
A-corings 

9i(A) = St ®p £ (13) 



£* ® T £ 
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Proof. Since 3 is already the kernel of T by Proposition 13.41 and l~i is surjective, it suffices 
to prove that 3 C KerY\. But this is a straightforward computation. □ 

Proposition 4.3. Every P G A is a right ®r Yi-comodule with structure map 
q p : P P «u £ f ® R E (p^^2 e «p ® A lp * ( e «p) ® R ^V)) 

Ot p 

Consider S = ©pg g _4 Hom^(P, Q) as a ring (not necessarily with unit). Then 

Hom st%s (^ Q) = {f e Hom A (P, Q) : f ® R L P (p) = 1 Q ® R t Q (f(p)) for every p G P} 
Therefore, the canonical ring extension Pt — > S factors through P(3g _ 4 Hom^^^iP, Q)- 

Proof. A homomorphism of right A-modules / : P — > Q belongs to Homst^^P, Q) if 
and only if 

J^e aQ ®A^Q*(e* Q ) ® R L Q {f(p)) = ^2f{e ap ) ® A ^p* ®RLp{p), (14) 

for every p <E P. Now, 

Q <g> a St = Q ® A P* 9* P ® A Q* S Hom A (P, Q), 
P&A P&A P&A 

being this last a direct summand, as a right ideal, of S. Therefore, Q ®a S^" ®r £ is 
identified with a i^-submodule of 5 ®r £ for every Q G With these identifications, 
equation (fT4"j) is equivalent to / ®r tp(p) = 1q ®i? L Cj(f(p)) f° r every p G P. □ 

Let us now look at the case where C = A^ £ is the category of right comodules over an A— 
coring £, and A is a small subcategory of .M 2 " whose objects are right C-comodules which 
are finitely generated and projective as right modules over A. In this way, uj : A — > a.dd(A A ) 
is the restriction to A of the underlying functor U : — > -M^. The diagram ()13|) can be 
now completed to 

9t(.A) ^tf® R E (15) 

£* ®tS 

where the horizontal can is defined in (jlUj) . and the vertical one is just the composite that 
makes commute the diagram. When £ is a generator for Ai^ both maps are isomorphisms, 
and the four A-corings are isomorphic by Theorem 13.81 
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The functor — <2>r T : Mr — > Al^ has a right adjoint -P : Mr — > -Mr which sends X 
onto XR = {xr : r E P}. Consider the diagram of functors 




Mr 



where T = Hom£(£, —)R and — <&r £ ~ — ®r T cg> T S. Thus, — ®r S is left adjoint to JF. 

Lemma 4.4. There are natural isomorphisms Hom£(£, — ®a £)P ~ — 0^ £t and T ~ 
Pe ^Hom £ (P,-). 

Proof. Since Homc(S, — ®^ £) ~ Houu(£, — ) naturally, we need just to exhibit a natural 
isomorphism from — ®a£^ to Hom y i(S, — )P. Now, observe that — ®a£^ — ©PeAH° m A(P, — ), 
and this last functor is easily shown to be naturally isomorphic to Hom^(S, —)R via 
the isomorphism defined at X E Ma by the assignment / i— > fipitp for every / G 
Houu(P, X) and every P E A. This last construction also yields a natural isomorphism 
Pe ^Hom £ (P,-)~^. □ 

The left £-comodule structure of every P* induces a structure of left C-comodule on 
£t = @ Pg _ 4 P*, which will be used in Proposition 14.51 

Proposition 4.5. The functor — : Mr — > AJa Ze/t adjoint to the functor — ®a£ : 
A^a — ► Aifl, and i/iis adjunction induces one for right <£-comodules, that is, the functor 
— ®r £ : Afij — > Af e Ze/t adjoint to the functor — D^S^ : Af £ — > A1r. In particular, 
T~ — □ c E t . 

Proof. The first adjunction follows from Lemma l4~4l and the diagram ()16|) . For the second, 
let us first observe that P = R 2 is a pure ideal of T = Endc(S). Therefore, P is a T-coring 
in a canonical way, and the category Af_R of unital right P-modules is isomorphic to the 
category M. R of right P-comodules. By jTHl Proposition 4.2], £t is a quasi-finite right 
P-comodule and — ®r £ is left adjoint to — O^E' (in fact, what we have is that — ®_r £ 
is isomorphic to the co-hom functor hn(Y^',—)). □ 

The coring homomorphism can : ®r £ — > £ gives a functor CAN : Al st ® flS -»■ M c . 

Proposition 4.6. Let A be a set of right £-comodules such that every comodule in A is 
finitely generated and projective as a right A-module. If R = P g e ^Hom e ;(P, Q), then 
R = ©poe,A Hom s t® H E(-P) Q)- Furthermore, we have a commutative diagram of functors 

M tf<a R x — ^ M € (17) 




Mr 
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Proof. It follows from Lemma l3~TI and (JT5j) that right £-comodule structure map pp : P 
P <S> a £ factorizes as 

P- -P® A £ 

P ® A st ® R s 

where the right £t ®p S-comodule map Qp is defined in Proposition 14.31 This gives, 
on one hand, that CAN(S s t^ H s) = £c and, on the other hand, that Hom E t® i js(P, Q) Q 
Home;(P, Q) for every P,Q G A. The converse inclusions Hom^P, Q) C Hom E t(g, H s(P <3) 
follow from Proposition Ol Finally, CAN(Y ® R £ s t® H s) = ^ ®r s c for every F G M R , 
whence the commutativity of the diagram ([17)1 . □ 

A set *4 of objects of a Grothendieck category C is said to be a generating set of small 
projectives if every object in A is small and ©p e ^ P is a projective generator for C. The 
following theorem generalizes Theorem 3.7], Theorem 5.6], and Theorem 3.2]. 

Theorem 4.7. Let (£ 6e an A-coring and A a set of right £-comodules. Let £ = ©pg^P 
and £t = Q p*. Consider the ring extension 

R= Hom c (P,Q)C Hom A (P,Q) = 5. 
P,Qe-4 P,Qe,4 

T/ie following statements are equivalent 

(i) a£ is flat and A is a generating set of small projectives for A4 € ; 

(ii) a& is flat, every comodule in A is finitely generated and projective as a right A- 
module, can : £t ®p £ — * € is an isomorphism, and — ®p £ : A4p — > _M st ® flS is an 
equivalence of categories; 

(Hi) every comodule in A is finitely generated and projective as a right A-module, can : 
£t (g)p T, <£ is an isomorphism, and p£ is faithfully flat; 

(iv) a& is flat, every comodule in A is finitely generated and projective as a right A- 
module, can : £t ®p £ — > <£ is an isomorphism, and pS is faithfully flat; 

(v) a& is flat and — ®_r £ : M.p — > M. € is an equivalence of categories. 

Proof, (i) <^ (v) Since ^(C is a flat, it follows from ^UJ Proposition 1.2] that Ai^ is a 
Grothendieck category. By Proposition 14.51 — Cg>p £ is left adjoint to T : Ai € — > .Mp. By 
Lemma f4.4[ we can apply Freyd Theorem's fTJ p. 120] in conjunction with Gabriel Theo- 
rem's [El Proposition II. 2] (see also [E]) to get that T is an equivalence of categories if and 
only if A is a generating set of small projectives for A4 € . Therefore, — ®p £ : M.p — > -M £ 
is itself an equivalence of categories if and only if A is a generating set of small projectives. 
(z) =>- (zz) Since ^£ is flat, A4 € is a Grothendieck category and the forgetful functor 
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U a '■ -M £ — > -Ma is exact fUl Proposition 1.2]. Moreover, it has an exact right adjoint 

— <8>a£- If v4 is a generating set of small projectives, then every comodule comodule in A is 
small and projective as a right A-module. By fl9\ Section 4.11, Lemma 1] every P G A is 
then finitely generated and projective. On the other hand, Corollary 13. 101 and (fTK|) imply 
that can : £"!"£§)#£ — ► € is an isomorphism of ^4-corings, and so CAN : A4 Et ®« s -> M € is al- 
ready an equivalence of categories. By Lemma \A. 61 we have that - ® R E : A4p -> A4 st ®« s 
is also an equivalence of categories. 

(ii) =>- (m) The functor — ® R £ : A4p — > E^ (g>p E is obviously faithful and exact. 
Since £t ®p E = £ is flat as a left A-module, we have, by [TD, Proposition 1.2 ], that 
the forgetful functor U : _A/f st ®fi s — > is faithful and exact. Therefore, the functor 

— ® R E : M. R — > Jv[ A is faithful and exact, that is, p£ is a faithfully flat module. 

(m) =>- (f ) Since can is an isomorphism, is a flat module. By Proposition 14.61 we 
can apply Lemma 14.51 to the infinite comatrix A-coring £^ ® R E to obtain that the 
cotensor product functor — D^t^sE^ : _M st ® flS — > M. R is right adjoint to the functor 

— ® R E : M.r — > Ai st(8fli; . Since #£ is flat we have, by a straightforward generalization of 
[T51 Lemma 2.2] to rings with a complete set of pairwise ortogonal idempotents, the isomor- 
phism (MD s t ( g li? s^^)®i?^' — MO^®^^ <g> R T,) = M, which turns out to be the inverse of 
the counity of the adjunction at M 6 A4 st0flE . Moreover, if rj X : X -> (X®^ E)D 2t ® fl sS t 
is the unity of the adjunction at X e M R , then an inverse to r] X ®r E is obtained by the 
isomorphism ((X ® R Ep^^E 1 ) ® R E = (X ® R E)D st ® J?s (E t ®p £) = X ®p E. Since 
#£ is faithful, we get that r/x is an isomorphism and, hence — ® R E : A4 R — > 7W st ® flS is 
an equivalence of categories. It follows from Lemma (4.61 that — <g> R E : M. R — > Ai € is an 
equivalence, as can : £t <g> R E — > £ is an isomorphism. 

The proof of the equivalence (Hi) <S=> (iv) is that of Theorem 3.2], taking the .R-bilinear 
isomorphism S = E <8u £' into account. □ 

A consequence of Theorem 14.71 is a version for our functor u : ^4 — > add(A J 4) of the 
Faithfully Flat Descent Theorem for a (noncommutative) ring extension B C A (in cate- 
gorical words, this is the case when A has a single object whose image under u is A). 

So, let a; : A — > add(y4^) be a faithful functor, where ^4 is a small category. Con- 
sider the rings R = @ PQeA E.om A (P, Q) and R = (& PiQ( z A Hom s t 0ijS (P, Q), and the ring 
homomorphism \ : R R defined in Proposition 14.31 Finally, put E = Q) PeA P- 

Lemma 4.8. Then the homomorphism of A-corings can : £' ®^ E — > £t ®p E an 
isomorphism. 

Proof. A straightforward computation gives that can(ip» (<£>) ®^tp(p)) = tp*(y?) ®p £p(p) 
for every ip E P* ,p £ P, P £ A. So, can is the inverse to the obvious map induced by the 
ring homomorphism A : i? — > R. □ 

Theorem 4.9 (Faithfully Flat Descent). With the previous notations, and 

S= Hom A (P,Q), 

the following statements are equivalent. 
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(i) ^(St ®^ S) is flat, A becomes a generating set of small pro jectives for .M E ® flE ; and 
A : R — > R is an isomorphism; 



(li) A (T) ® R E) is fiat and - ® R E : M 



R 



M 



an equivalence of a categories; 



(Hi) ijE is faithfully flat; 

(iv) a(E^ ®_r S) is flat (or R T, is flat), and R S is faithfully flat. 
Proof, (i) =>■ (h) This follows from Lemma f4. 81 and Theorem 14.71 

(ii) =>■ (i) and (m) If A (^ ®r E) is flat and - (g) R E : M R — > M^®^ is an equivalence, 
then rE is faithfully flat and the functor — ®_rE sends any projective generator of M. R onto 
a projective generator of the Grothendieck category 7W st<g) - RS . Therefore E = R ® R E is a 
projective generator for M^® 1 ^ , since R is a projective generator of A4 R ^2|- This means 
that A is a generating set of small projectives. By Theorem 14 .71 — : Ai R — > J\A S ^ R ' E 
is an equivalence of categories. That A is an isomorphism of rings follows now from the 
commutative diagram of functors 



Mr 

F 



M 



R ' 



CAN 



where F is the restriction scalars functor associated to A, which turns out to be an equiv- 
alence of categories. 

(in) =>- (ii) It follows from Proposition 14.31 that A (B) R S : R (B) R E — > R <& R E is an isomor- 
phism, hence A is an isomorphism as #E is faithfully flat. The implication follows from 
Lemma [4.81 and Theorem 14.71 

(Hi) -vv- (iv) The proof of the equivalence between (Hi) and (iv ) in Theorem 14.71 works 
here. □ 
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